ABSTRACT Timing jitter as a key performance of single-photon avalanche diode (SPAD) detectors plays a significant role in determining the fast temporal response behavior of the SPAD device. Nevertheless, few analytic models are developed to directly calculate the characteristic of timing jitter for its modeling difficulty. In this paper, we propose a simple analytic modeling method, which can predict the temporal response of SPADs, without using time-consuming Monte Carlo simulation. Model investigation incorporates avalanche current, avalanche buildup time, and jitter tail under different conditions. Furthermore, the key model parameters provided by Geiger mode technology computer-aided design simulation allow an accurate prediction on timing jitter. Analytical results indicate that for an SPAD device structure with a shallow P+/N-well junction in a 0.18-μm CMOS technology, the Gaussian peak response with about 110-ps full-width at half-maximum and the exponential jitter tail are in good agreement with the measured data, validating the accuracy, and feasibility of this modeling method.
I. INTRODUCTION
Single photon avalanche diode (SPAD) detectors have attracted great interest in a variety of applications, such as Raman spectroscopy, photon counting technique, medical vision and 3D imaging in physical, chemical and biological fields, etc [1] - [3] due to high sensitivity and picosecond timing resolution. The temporal error interval of photon detection is termed timing jitter, which is a crucial indicator of the temporal response of SPADs. Recently, the rapid development of manufacturing and material technologies provides new insight into the performance improvements of timing jitter as well as photon detection efficiency (PDE) and dark count rate (DCR), etc. For instance, a mature SPAD device has been fabricated in advanced 40 nm Si technology, achieving a small timing jitter of 170 ps and a low DCR of 50 cps at 25 • C [4] . InGaAs/InP SPADs have been developed to acquire low crosstalk, high PDE of 20% at the near-infrared band, and very rapid temporal response [5] , [6] . In addition, a backside-illuminated (BSI) 3D IC technology has also been adopted in SPADs to obtain maximum PDE of 21.9% at 660 nm and low timing jitter of 95 ps [7] .
In order to attain high-speed and steady temporal response performance of SPADs at the design stage, a reliable physical model and a simple modeling method are in great demand for accurate timing jitter prediction. The Random Path Length (RPL) model was first proposed to study timing jitter properties [8] , where the photon-assisted mechanism concerning avalanche spreading was investigated and the resistance of the neutral layer was also considered. Applying RPL-base physical models, the time-consuming Monte Carlo simulations were widely performed to estimate the temporal response characteristics. The analytic band [9] and full band [10] Monte Carlo simulations were used to study carrier transport and impact ionization, yet it brings high computational workload and complexity. Then, a simple Monte Carlo (SMC) model [11] , [12] was developed to reduce computation time by considering less band structure details. Further, two main carrier scattering mechanisms, including effective intervalley phonon scattering and impact ionization are incorporated in the SMC model to improve the accuracy of timing jitter modeling [13] . However, these SMC models still need complex Monte Carlo simulation to calculate the timing performance. Moreover, the exponential jitter tail modeling caused by the device-neutral regions is less studied, although the modeling methods of Gaussian temporal response in the device avalanche region are investigated in depth. Also, a computational method was presented to focus on the tail modeling [14] , but the key model parameters, such as electron and hole ionization rates come from fitting theoretical or empirical values that are not correlated with the device structures and processes, which may reduce the accuracy of the model to some extent. Obviously, the previously reported models are not capable of establishing simple analytical expressions for accurate prediction of the overall timing jitter characteristics.
In this work, we propose a simple analytic modeling method to predict the temporal response of SPADs. Such an analytical statistical method by solving the two-dimensional avalanche current equation is adopted for modeling of Gaussian peak timing jitter for the first time. The diffusion and drift processes, as well as the recombination, are considered in the modeling of exponential jitter tail. Furthermore, the key model parameters such as electric field profiles, avalanche breakdown probability and ionization rate of carriers are provided by Geiger mode Technology Computer Aided Design (TCAD) simulation. As a consequence, the proposed modeling method is capable of establishing a predictable and accurate timing jitter model for a given device structure. It will be a promising candidate tool for the development of SPAD detectors with the improved performance.
II. PHYSICAL MECHANISM OF PHOTON DETECTION
As shown in Fig. 1(a) , a typical shallow P+/N-well junction structure is used to illustrate the modeling method of timing jitter. This SPAD device mainly consists of a P+ implantation layer and an N-well that form a shallow depletion region and two neutral regions [15] . Under the excess bias state, once the photons are incident onto these three regions, the photonic carriers will be produced and spread over the entire detection area, as shown in Fig. 1(b) and (c), respectively. When the photons impinge onto the depletion region, because of the strong electric field in this region, the generated electron-hole pairs impact and ionize along the x-axis with a multiplication process, meanwhile they also diffuse in the y-z plane, eventually leading to the occurrence of avalanche events. Since the carries need a certain distance to accelerate and obtain enough energy before impact ionization occurs, the effect of dead space on avalanche, therefore, cannot be neglected [16] .
However, the transportation mechanism of photogenerated carriers is different in neutral regions. In the N-well neutral region, the minority holes are generated and transport across the entire region along the x-direction. The avalanche could only be triggered after the carriers travel across the boundary of the depletion region, leading to a time delay in detection. Thus, the temporal response of the neutral regions exhibits a shape of jitter tail. In principle, there is the same case in the P+ neutral region for the minority electrons. Whereas, most of the electrons are incapable of ionization due to high recombination rate. On the contrary, those electrons recombine with holes before they reach the avalanche region, causing this shallow photosensitive layer to contribute little to photon detection.
III. MODELING OF TIMING JITTER
Generally, the photon detection shows different timing performance in different detective regions. For one thing, the impact ionization and diffusion of the electron-hole pairs in the depletion region dominantly contribute to avalanche breakdown, inducing a fast peak response. For another, the drift and diffusion of the minority carriers in the neutral regions bring a delay for avalanche triggering. Therefore, the timing jitter modeling can be divided into two parts: a Gaussian peak of the depletion region plus an exponential 262 VOLUME 7, 2019
tail of the neutral regions as following
A. MODELING OF GAUSSIAN PEAK
In the depletion region, the photons inducing avalanche temporal response with a peak statistical feature can be evaluated by avalanche buildup time. According to the two-dimensional (2D) carrier spreading mechanism described above that electron-hole pairs drift and diffuse in the depletion region along two directions, the current continuity equation can be expressed by
where τ is the multiplication time constant and D is the transverse diffusion coefficient. The ionization multiplication is determined by τ , which reflects on the speed of the avalanche multiplication process. A simplified first-order expansion is given by [8] 
in which, F m is the maximum electric field of a PN junction, F b is the electric field at the breakdown and n is the fitting value. The maximum electric field varies with the thickness of the depletion region and the reverse bias voltage. The fitting value n is related to the device structure and material, which is usually ranged from 1 to 4 for a Si-based device [17] . The intrinsic time τ i is a response constant related to the device structure when carriers drift at saturated velocity. Referring to a correct quasistatic approximation analysis for semiconductor avalanche, the intrinsic time can be computed as [18] 
Here, v n and v p are the electron and hole saturated velocity, α n and α p are the ionization coefficients for electrons and holes, respectively. In order to solve the Eq. (2), we assume the total current flows along the electric field direction (x-direction), and set the current boundary conditions as follows:
Hence, an analytic avalanche current expression related to different y-z positions is yielded as
where I 0 is the initial current, L y and L z are the width and the length of the depletion region, respectively. By means of Eq. (5), the current variation at a position in the depletion region can be assessed. By extracting the time when the current reaches an avalanche threshold level of 100 μA at different positions on the y-z plane, a statistical distribution of avalanche buildup time is established. The next step is to extract meantime μ and standard deviation σ from this timing distribution for Gaussian peak modeling. Note that the standard deviation σ can be calculated by
with N the number of samples and t i the avalanche buildup time at a specified position. The next step is to evaluate the temporal response dependent on PDE for obtaining the curve of timing jitter. The PDE is calculated to fit the peak of a Gaussian function as [19] 
with W 2 the thickness of the depletion region and α the absorption coefficient. P e (x) and P h (x) are the avalanche triggering efficiency initiated by the electron and hole at a position x, respectively. P pair (x) is the overall triggering efficiency that either an electron or hole triggers an avalanche event. Finally, the analytic formula of Gaussian peak response can be fitted by
B. MODELING OF EXPONENTIAL TAIL
The delay of photon detection in the neutral regions is responsible for a tail response. Similarly, the evaluation of photon detection efficiency for the jitter tail can be described by
where H(t) is the hole flux density and E(t) is the electron flux density. P e (x S ) and P h (x D ) are the efficiency that an electron and a hole triggers the avalanche at the edge of the depletion region, respectively (see Fig. 1 (b) ). For a given device with a shallow P+/N-well junction in our work, the effect of the electron on the jitter tail can be neglected as the thin P+ neutral region is characterized by high electron recombination. The jitter tail is mainly determined by the temporal response of the N-well neutral region. Considering the diffusion and the drift as well as the recombination of holes, the carrier continuity equation becomes
where D p is the hole diffusion coefficient, μ p is the hole mobility, E is the electric field and τ p is the hole lifetime. It is worth noting that the drift component in Eq. (11) plays an important role in determining holes distribution despite a weak electric field in the neutral regions. With a welldefined boundary condition of the initial photon-generated VOLUME 7, 2019 263 hole density N P that highly depends on the photon absorption coefficient at a given wavelength, this equation is solved, obtaining the photon-generated hole concentration:
Eq. (12) reflects on a process that the minority holes drift at a velocity of μ P E, diffuse in a concentration gradient and recombine with electrons. The hole flux density is further calculated according to the current density of the N-well neutral region, given by
Ultimately, after substituting Eq. (12) and Eq. (13) into Eq. (10), an analytic formula of the jitter tail with an exponential function can be obtained as
Assuming that the lower boundary of the depletion region is the zero position, for a specific position x, the temporal response of the N-well neutral region can be estimated by Eq. (14).
IV. RESULTS AND DISCUSSION

A. TCAD DEVICE SIMULATION
By the aid of Geiger mode TCAD simulation, the accurate model parameters can be acquired. In term of the P+/N-well SPAD structure shown in Fig. 1(a) , twodimensional (2D) process simulation was performed using SILVACO Athena tool based on a standard 0.18µm CMOS process. Using the device structure obtained from this process simulation, 2D device simulation was operated with Shockley-Read-Hall recombination, low-field mobility, impact ionization, energy balance transport, and Geiger models, etc. For the P+/N-well SPAD device with a diameter of 15 µm, the simulated breakdown voltage is about 11.5 V at room temperature, which is very close to the measured result of 11.3 V. Fig. 2(a) shows the simulated 2D electric field profile across the whole device structure. A high electric field is found to be concentrated in the avalanche region. The doping profile in the depth direction is also illustrated in the inset of Fig. 2(a) where the junction depth of 0.3 µm is observed. Considering the effect of dead space, the ionization rates of electrons and holes are simulated at varying excess biases (V ex ). As Fig. 2(b) suggests, electrons contribute more ionizing events than holes. The electron ionization rate is almost twice that of the hole and the difference between them increases with the excess bias ranging from 0.3 V to 1.5 V. Additionally, the electric field and avalanche triggering efficiency distributions in the entire detective region are extracted by TCAD simulation. As depicted in Fig. 3(a) , the electric field profiles exhibit a significant peak curve and the maximum level occurs at the center of the depletion 264 VOLUME 7, 2019
region. With the increase of the excess bias voltage from 0.3 V to 1.5 V, the peak electric field is enhanced by 4.4×10 4 V/cm. By comparison, the electric field in the neutral regions performs a uniform distribution and merely grows by 1200 V/cm. The avalanche triggering efficiency of electrons and holes in the entire detection area are presented in Fig. 3(b) . The triggering efficiency of the electron remains constant in the P+ neutral region and presents a decreasing trend in the depletion region, nearly descending to zero in the N-well neutral region, while that of the hole suggests the opposite case. Crucially, the electron triggering efficiency at the upper boundary (x = 0.18 µm) and the hole triggering efficiency at the lower boundary (x = 0.6 µm) of the depletion region can be used for exponential tail modeling.
B. COMPUTATION AND VALIDATION
On the basis of the simulated ionization rates in the avalanche region ( Fig. 2(b) ), the intrinsic time constant is computed according to Eq. (4). Fig. 4 shows the intrinsic time response as a function of excess bias voltage. The decay of this temporal plot is found since the higher excess bias voltage can induce a swifter response. Furthermore, the multiplication time constant τ can be obtained at the different excessive biases. For instance, it is about 33 ps at 0.5 V excess bias with a fitting value n of 1.5. Next, the multiplication process of the avalanche current in the depletion region is investigated. Fig. 5 presents the avalanche current at a position of the avalanche center region for different excess bias voltages, which are obtained by Eq. (5) with the average diffusion coefficient D = 17 cm 2 /s [8] . For a higher excess bias voltage, the current rises more apparently as the stronger electric field provides a higher avalanche speed. The avalanche currents corresponding to 600 different photon impinging positions that are uniformly selected in 6 µm × 1 µm y-z plane of the depletion region, are assessed to establish a statistical distribution of avalanche buildup time. Fig. 6 shows one example of avalanche buildup time statistics in the depletion region at 0.5 V excess bias. Ultimately, the mean avalanche buildup time of about 410 ps and the standard deviation of 47 ps are extracted from this statistical distribution for Gaussian peak modeling. The characteristics of jitter tail dependent on drift and diffusion distance as well as excess bias voltage are also evaluated. Here, the doping dependence of transportation parameters with the hole diffusion coefficient D P of 13 cm 2 /s, the hole mobility μ P of 495 cm 2 / (V•s) and the hole lifetime τ p of 10 −7 s are used [14] . Fig. 7(a) illustrates the influence of different drift and diffusion distances on the temporal response characteristics of the N-well neutral region at an excess bias of 1.0 V. These temporal response curves are assumed to have the same initial PDE values, while different PDE values are presented at 0.5 ns due to the different decay rates under different position or excess bias conditions. Clearly, they exhibit an exponential decline in the tail. Meanwhile, a longer distance for which the minority carriers drift and diffuse is, a slower temporal response is. Fig. 7(b) shows the temporal response curves versus different excess bias voltages at a position of 0.2 µm distance from the lower boundary of the depletion region. As expected, when the higher overvoltage is applied, the swifter decay of temporal response is achieved. Whereas there is a special case when V ex is 0.3 V, which is due to the fact that the recombination is mainly responsible for the relatively low PDE response value under the fairly weak electric field of less than 800 V/cm. 0.3 V excessive voltage. To validate the proposed model, the analytical results are compared with the reported measured data [20] . Although the compared SPAD device is fabricated in a different 0.18 µm standard CMOS technology [15] , [20] , it has the same P+/N-well structure (see Fig. 1(a) ) and the same active diameter with our modeling device. Moreover, the two SPAD devices show almost the same breakdown voltage, indicating few differences in doping profiles between them, therefore there is good comparability between the measurement and computation results. It is clearly found that the analytical results agree well with the measured information. At the photon wavelength of 450 nm, the full-width at halfmaximum (FWHM) from analytical results is about 110 ps, which is very close to the experimental value of 100 ps at the same excess bias of 0.3 V. Furthermore, the exponential tail of model calculation is also well matched with the exponential decay of the tested jitter tail. All the calculation results indicate the accuracy and feasibility of this modeling method.
V. CONCLUSION
A new analytic modeling method for exploring the complete timing jitter characteristics of SPADs is presented without using traditional time-consuming Monte Carlo simulation. The model investigates the avalanche current and avalanche buildup time and further adopts an analytical statistical method for modeling Gaussian peak response of the depletion region. The weak electric field dependence of carrier drift and diffusion as well as recombination in the neutral regions are also taken into account for jitter tail modeling. By solving the continuity equations which respectively reflect on bi-dimensional current variation and one-dimensional carrier transport mechanism, the analytic formulas of temporal response are derived. By means of the accurate model parameters obtained from the Geiger mode TCAD simulation, the timing jitter for a given SPAD structure can be accurately predicted. In summary, the computational timing jitter conforming to the experimental result suggests that this modeling method is reliable and instructive for the improvement of SPAD design.
